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Inspired by the microscopic control over dissipative processes in quantum optics and cold atoms,
we develop an open-system framework to study dissipative control of transport in strongly interacting
fermionic systems, relevant for both solid state and cold atom experiments. We show how subgap
currents exhibiting Multiple Andreev Reflections – the stimulated transport of electrons in the
presence of Cooper-pairs – can be controlled via engineering of superconducting leads or superfluid
atomic gases. Our approach incorporates dissipation within the channel, which is naturally occurring
and can be engineered in cold gas experiments. This opens opportunities for engineering many
phenomena with transport in strongly interacting systems. As examples, we consider particle loss
and dephasing, and note different behaviour for currents with different microscopic origin. We also
show how to induce nonreciprocal electron and Cooper-pair currents.
Introduction. Understanding and controlling the out-
of-equilibrium dynamics of strongly interacting many-
body systems constitutes one of the key forefronts in
quantum physics across a variety of subfields in exper-
iment and theory. In this context, opportunities to
achieve their control via dissipation mechanisms have
arisen [1, 2], as is applied for few-body systems in quan-
tum optics [3, 4]. This is especially true in cold-atom
platforms, where large separations between frequency
scales allows well-controlled theoretical models and im-
plementations of dissipative processes, as realized for
laser cooling and trapping [5]. The longer timescales of
cold atom experiments also allow dynamics to be tracked
and potentially controlled time-dependently [6, 7]. Out-
of-equilibrium transport dynamics remain a ubiquitous
paradigm in the solid state [8], and recent developments
in cold atom systems have also made it possible to en-
gineer quantised transport of atoms between reservoirs,
as well as quantum point contacts and waveguides [9–
12]. Here we explore the emerging new opportunity of
using dissipation engineering to achieve control of quan-
tum transport properties, that are relevant for both cold-
atom and solid-state platforms.
We study transport in a system of strongly interact-
ing fermions coupled to weakly interacting reservoirs, as
can be reaslied with cold atoms using optical tweezers
connecting larger superfluids, or with solid-state devices
using quantum dots (QD) coupled to superconducting
leads (S). In a traditional S-QD-S tunelling junction, sub-
gap transport is known to be suppressed for weak elec-
tron tunneling as compared to the gap of the attached
leads [14]. Here we demonstrate that subgap transport
can be recovered even in the regime of weak tunnelling.
This is done via reservoir engineering that allows for inde-
pendent control of Cooper-pair and single-electron chan-
nels. Such channel separation can be accomplished in the
solid state by adding two large-gap superconductors to a
traditional S-QD-S junction, producing a four terminal
structure, or in cold atoms considering driving from a
molecular Bose-Einstein condensate [13].
Subgap currents in this context are produced by Mul-
tiple Andreev Reflections (MARs) [14–17], i.e., stimu-
lated transport of electrons via exchange of Cooper-pairs.
MARs have been observed in the solid state [18–21] and
cold atoms [11], and their signatures can be used to re-
veal topological phase transitions related to Majorana
bound states formation [22]. We show how to engineer
well-resolved MAR peaks under weak electron tunneling,
and show how these behave in the presence of dissipa-
tion in the channel - providing a diagnostic tool for the
microscopic nature of the current. We also show that for
asymmetric coupling, the reciprocity of the engineered
system is broken, yielding electron and Cooper pair cur-
rents dependent on the bias direction. This represents a
genuinely new way of generating nonreciprocal transport
of electrons and Cooper-pairs.
We investigate the transport properties of the junction
with an open system approach, while most of the theoret-
ical works rely on Keldish non-equilibrium Green func-
tions or scattering techniques. These approaches are able
to treat the tunnelling rate γ between the QD and the
leads non-perturbatively, but usually treat the Coulomb
interaction U between the QD electrons perturbatively or
within a mean-field treatment [23–26]. In contrast, open
system approaches such as input-output theories [27–30]
or master equations [31–33] work well in the opposite
regime: for arbitrary interaction U but weak tunnelling
rate γ, implying that MARs have been left beyond their
scope. In our framework, the large gap superconduct-
ing leads behave effectively as time dependent coherent
drives of Cooper-Pairs on the QD (analogous to laser
fields in quantum optics). This dynamical model is nat-
urally cast as a dissipative Floquet system, for which we
derive a Floquet-Born-Markov master equation [34–37]
capturing MARs up to arbitrary order. Our open-system
framework provides an opportunity to study the effects of
ar
X
iv
:1
90
4.
03
63
1v
2 
 [q
ua
nt-
ph
]  
12
 N
ov
 20
19
2controlled or uncontrolled dissipation acting on the QD.
We thus analyze the response of the currents to fermion
losses and dephasing, and show in particular robustness
of the currents against dephasing. We use in the follow-
ing natural units in which ~ = kB = e = 1, where −e is
the electron charge.
Model. To represent the separate control of Cooper
pair driving, we consider a four-terminal QD connected
to two pairs of left (L) and right (R) superconducting
leads by tunnel junctions, as depicted in Fig. 1. In
each pair, we consider one lead in the single-particle
mean-field description with a moderate energy gap ∆`
(` = L,R), and one described only by its condensed frac-
tion of Cooper-pairs, assuming that the gap is so large
that single-particle excitations are irrelevant. A bias volt-
age V = VL − VR is generated between the pairs of su-
perconductors, where VL and VR are the voltages of each
side. The QD Hamiltonian reads
HQD =
∑
s=↓,↑
ωc†scs + Uc
†
↑c↑c
†
↓c↓, (1)
and describes electrons of spin s, energy ω, and Coulomb
interaction U . The QD is an effective 4-level sys-
tem spanned by the non-occupied, single occupied, and
double-occupied states {|0〉, | ↓〉, | ↑〉, | ↓↑〉}. The cou-
pling of the QD to the large-gap superconducting leads
(red superconductors in Fig. 1) gives rise to a pairing of
the QD electrons, i.e., the proximity effect [17], and re-
sults in an effective time-dependent QD Hamiltonian of
the form
HeffQD(t) = HQD +
∑
`=L,R
(
g`e
2iV`tc↓c↑ + h.c.
)
, (2)
where g` is the Cooper-pair tunnelling amplitude between
the QD and the large-gap superconducting ` = L,R.
Hence, the coupling of the large-gap superconductors
with the QD takes the form of a driving of the transition
between the non-occupied and double-occupied states |0〉
and | ↓↑〉 of the QD.
We obtain the dissipative dynamics of the QD by cou-
pling the Hamiltonian (2) to the superconductors with
moderate gaps ∆` (blue superconductors in Fig. 1) un-
der an open system approach, by deriving a Floquet-
Born-Markov master equation [34–37] for the QD. The
leads, considered in a mean-field single-particle descrip-
tion, act as baths of Bogoliubov quasiparticles of density
of states D`(E) ∝ Θ(|E| − ∆`)|E|/(
√
E2 −∆2`). The
tunnelling of electrons between the leads and the QD is
described by a standard tunnelling Hamiltonian of the
form Hint =
∑
` κ`
∑
ks(b
†
`kscs + h.c.), where κ` is the
electron tunnelling amplitude and b`ks the annihilation
operator of an electron of spin s and momentum k in the
moderate-gap lead `. The derivation of the master equa-
tion, in second-order in Hint, results in a single-particle
tunnelling rate γ` ∝ κ2` (the typical line widths of the QD
FIG. 1. (left) Sketch of the four-terminal QD tunnelling junc-
tion with Cooper-pair and electron tunnelling of amplitudes
g` and κ` (` = L,R). (right) Corresponding energy diagram.
The moderate-gap superconducting leads are characterized by
Bogoliubov quasiparticles of density of states D(E) (blue).
The large-gap superconducting leads are only characterized
by their Cooper-pair condensates (red). The applied bias
voltage V` is the same for the moderate and large gap leads.
levels) considered as the smallest parameter. Note that
while treating perturbatively the single-particle coupling,
the master equation describes the QD Coulomb interac-
tion U exactly, as in [32, 33]. See Supplemental Material
for details of the derivation [38].
Engineering of transport. From the solutions of the
master equation, we calculate the particle current in the
leads as a function of the applied bias voltages, taken
as opposite from each other for the sake of simplicity
(VL = −VR = V/2). Figure 2 shows the particle cur-
rent I in both the moderate and large-gap right leads
as a function of V . We consider the electron-hole sym-
metric case ω = −U/2, and vanishing or not Cooper-
pair tunnelling g ≡ g`, taken here real and identical for
left and right leads. We also consider identical single-
particle tunnelling rates γ ≡ γ` between the QD and the
moderate-gap superconducting leads.
When g = 0, the large-gap superconducting leads are
disconnected from the QD, and our system simply con-
sists in a conventional S-QD-S tunnelling junction [32,
33]. Only one peak of current is observed (see panel A in
Fig. 2), whose the shape is related to the superconductor
density of states D`(E) ∝ Θ(|E| −∆`)|E|/(
√
E2 −∆2`).
The peak appears when Ei > ω > Ef , where Ei is the
energy of the highest occupied state of the left lead and
Ef is the energy of the lowest non-occupied state of the
right lead (see energy diagram I in Fig. 2). For high
bias, the particle current tends to the value 2γ of normal
leads. For low bias (γ  V < 4∆`), i.e. in the subgap
region (where no resonance between left-lead occupied
and right-lead non-occupied states exist), no current is
observed as a result of the weak coupling approximation.
Indeed, for γ  ∆, Andreev reflection at the interface
with the moderate-gap superconductor is negligible.
Connecting the large-gap superconducting leads to the
QD (i.e., setting g 6= 0) allows Andreev reflections to oc-
cur. Under such process, an electron (hole) is reflected
as a hole (electron) producing the emission (absorption)
3of a Cooper-pair in the large-gap superconducting leads
(see panel B in Fig. 2). After some reflections, elec-
trons of the QD acquire enough energy to tunnel into the
moderate-gap superconducting lead. This produces well-
resolved single-particle subgap currents more and more
pronounced as g increases. These processes are repre-
sented in our Floquet-Born-Markov formalism by decay
channels corresponding to QD transition (quasi)energies
shifted by multiple of Cooper-pair energies (see Supple-
mental Material). The subgap currents are located at
V = 2(|ω| + ∆)/(2n + 1) where n = 1, 2, . . . denotes
the nth MAR (see energy diagrams II and III corre-
sponding respectively to the first and second Andreev
reflections). This can be obtained from the condition
Ei + nV = ω = Ef − nV , in which n denotes the num-
ber of Cooper-pairs transfer from the left to the right
lead. Note however that in general the bias voltage at
which a MAR peak appears is a function of both the QD
charging energy U and ω (see Supplemental Material).
Hence, while the tunnelling between the QD and the
moderate-gap leads is always sequential due to the weak-
coupling regime (one electron per time), it can be as-
sisted by transfer of an arbitrary number of Cooper-pairs
between the large-gap superconductors, thanks to the
stronger tunnelling amplitude g. This represents reser-
voir engineering of subgap single-particle currents. This
is our first important result. Interestingly, the Cooper-
pair current in the right large-gap superconducting lead
is negative outside the subgap region. We attribute this
phenomenon to a supercurrent (i.e., Cooper-pair current)
reversal, due to the modification of parity of the QD when
the voltage exceed the value delimiting the subgap bor-
der, as can be seen in the panel C in Fig. 2 [14, 43].
Note that the sign and amplitude of the supercurrent
are dependent of the phases of the superconductors (not
shown).
Effects of particle loss and dephasing. In the previ-
ous section, we showed that dissipation induced by reser-
voir engineering can be used to control subgap trans-
port. Here we examine the robustness of the produced
subgap currents against the presence of incoherent pro-
cesses, that are inherent in real experimental setups.
We incorporate these effects into our master equation
through an additional dissipator of the form DI(ρ) =
γI
(
2LρL† − {L†L, ρ}), where γI is the rate of the in-
coherent process and L the corresponding Lindblad op-
erator (see Supplemental Material). For cold atoms ex-
periments, the dissipation in the channel is often in this
Markovian form as can be derived from first principles [2].
We first consider the effects of particle loss (i.e., γI ≡
γloss, L = cs) acting on the QD. This occurs naturally
in the cold-atom platforms through background gas colli-
sions, and could be engineered using electron beams [44]
or light scattering quantum gas microscopes with single-
site resolution [45–47] (analogous to x-ray scattering in
the solid state). In Fig. 3 (panels A-D), we show the
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FIG. 2. Particle current I (in units of γ) in the right
moderate-gap lead (A) and large-gap lead (B) as a function
of the bias voltage V for g = g` = 0 (dashed line) and 0.5
(solid line). Other parameters are U = 2, ω = −1, γ = 10−2
and T` = 0, in units chosen so that ∆` ≡ ∆ = 1. Subgap cur-
rents via MARs appear for non-vanishing g. (I-III) Energy
diagrams corresponding to the standard resonant tunnelling
(I) and the first and second MARs (II and III). C: Steady
states QD averaged populations for states with even (|0〉, | ↓↑〉,
black line) and odd (| ↓〉, | ↑〉, dashed orange line) number of
electrons.
particle currents in all the leads as a function of the bias
voltage for increasing loss rates γloss. The presence of
losses results in competing effects. On the one hand,
the additional decay channel tends to empty the QD
faster. This results in an increase (decrease) of the cur-
rents of electrons entering (reaching) the moderate-gap
superconducting leads. On the other hand, pushing the
QD towards the non-occupied state |0〉 increases the ef-
fects of the driving (since the driving only affects the QD
in the non-occupied or double-occupied states), which
favors MARs and thus raises subgap currents. Hence,
while source currents (panels A and C) only increase due
to electrons losses, drain currents (panels B and D) are
subjected to these competing effects, exhibiting ampli-
tude increase or decrease depending on the voltage bias.
We then consider the effects of dephasing (i.e., γI ≡
γdeph, L = c
†
scs) acting on the QD, which occurs nat-
urally through coupling to additional degrees of free-
dom in the solid state, and can be engineered in cold
atoms through light scattering or noise [2, 48–51]. We
show that dephasing acting on the QD affects identi-
cally the source and drain Cooper-pair currents, whereas
leaves unchanged the electron currents. Figure 3 (pan-
els E) shows the current of Cooper-pair leaving the QD
to reach the right large-gap superconductor for differ-
ent dephasing rate γdeph. Our results show that increas-
ing the dephasing rate reduces the size of the subgap
peaks (see panel F). This can be understood as a conse-
quence of the blurring of the QD energy levels caused
by the dephasing. Hence, dephasing tend to destroy
4FIG. 3. Current-voltage characteristics under the effects of
electron loss (A-D) and dephasing (E-F) acting on the QD.
Currents of electrons entering (A) and leaving (B) the QD
and of Cooper-pairs entering (C) and leaving (D) the QD
as a function of the bias voltage V for different electron loss
rate γloss (from solid to dashed lines, γloss = 0, 0.5γ, γ, 2γ).
Other parameters are U = 2, ω = −1, γ = 10−2, T` = 0 and
g` = 0.5, in units of ∆` ≡ ∆. Current of Cooper-pairs in
the right large-gap superconducting lead as a function of V
for γdeph = 0, 0.5,1 and 2 (E); and as a function of γdeph for
V = 2(|ω|+∆)/(2n+1) with n = 0, 1, 2 and 3 corresponding
to the peaks I, II, III and IV (F). Other parameters as above.
Cooper-pair subgap currents, but does not affect the
single particle currents. This suggests these latter are
robust against phonon/photon scattering in condensed
matter/cold atomic systems.
Nonreciprocal subgap transport. Finally, we show how
to generate nonreciprocal subgap transport. Bias-
direction-dependent properties is generally a desired fea-
ture of nanoscale devices, and are known to result from
the presence of asymmetry and nonlinearity. Nonrecipro-
cal transport at the quantum level has been investigated
in spin [52–60] and QD systems [61–65]. This includes the
paradigmatic Pauli Blockade effects in a double-QD junc-
tion, where a nonreciprocal electron current has been ob-
served for asymmetric QD energy levels [62]. For a single
QD, the required asymmetry can be provided by different
left and right tunnelling rates. In a S-QD-S junction, in
the intermediate coupling regime (γ` ∼ ∆`), non recipro-
FIG. 4. Current-voltage characteristics in the moderate-gap
(A) and large-gap (C) superconducting leads for asymmetric
single-particle tunnelling rate γL = 3γR = 1.5 10
−2. In both
plots, the solid (dashed) lines curves correspond to the cur-
rent for positive (negative) bias voltage V , as depicted in the
diagram B (D) on the right. Other parameters are U = 2,
ω = −1, γ = 10−2, T` = 0 and g` = 0.5, in units of ∆` ≡ ∆.
cal conductance has been observed and explained as orig-
inating from asymmetric Kondo resonance at the contact
with the leads [66]. Here we show that for asymmetric
weak single-particle tunnelling rates γL 6= γR, the reci-
procity of the transport properties can be broken as soon
as the Cooper-pair tunnelling amplitudes g` is non-zero.
In Figure 4, we plot the current-voltage characteristics
for the moderate (panel A) and large gap (panel C) su-
perconducting leads for positive and negative bias voltage
(see diagrams B and D) for γL = 3γR. While the total
current (the sum of electron and Cooper-pair currents)
is still reciprocal (not shown), its electron and Cooper-
pair contributions become dependent of the bias direc-
tion, as can be clearly seen in Fig. 4. In particular, the
current of electrons (Cooper-pair) is larger (smaller) for
negative (positive) bias. We interpret this phenomenon
as a Cooper-pair-assisted nonreprocical transport, since
it occurs only for non-zero g`. Indeed, for g` = 0, the
electron current is reciprocal (not shown). We believe
it is a genuinely new way of breaking reciprocity, since
while keeping reciprocal the total current, its electron and
Cooper-pair contributions – which could be measured in-
dependently in our four-terminal scheme – become asym-
metric.
Conclusion. We developed a quantum-optics-inspired
framework to study the dynamics of strongly interacting
fermions in tunnelling junctions under the influence of
dissipation and driving, relevant for both solid-state and
cold-atom platforms. For concreteness, we studied the
dynamics of a QD coupled to superconducting leads in
a four-terminal configuration, where two large-gap su-
perconducting leads are added to a traditional S-QD-S
tunnelling junction. We demonstrate the possibility of
5controlling subgap transport via dissipation engineering.
We showed that the added leads generate subgap trans-
port based on MARs despite weak electron tunnelling,
and studied the effects of electron loss and dephasing
acting on the QD. Finally, we showed that the Cooper-
pair driving provided by the added leads is a new way
of breaking the reciprocity of the junction, generating
nonreciprocal electron and Cooper-pair subgap currents
based on MARs.
Our results could be investigated in both solid-state
and cold-atom experiments. They could be general-
ized to multi-QD tunnelling junction, and to include the
presence of measurement and feedback loop to control
the transport dynamics of fermions in tunnelling junc-
tions [67]. More possible outlooks include reservoir en-
gineering of (Floquet)-Majorana fermions [13, 68, 69], or
studies of the interplay between dissipation and driving
in thermodynamics problems such as thermoelectric ef-
fects [70] or quantum heat engines [71] involving super-
conductors.
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SUPPLEMENTAL MATERIAL
In this Supplemental Material, we derive the Floquet-Born-Markov master equation used to investigate the non-
equilibrium dynamics of our four-tunnelling junction. We then explain how to solve the master equation and compute
the different particle currents, and how to incorporate the effects of additional incoherent processes acting on the QD.
We provide some details of our numerical simulations, and finally show the dependence of the positions of the MAR
peaks on the QD energy.
DERIVATION OF THE MASTER EQUATION
We model the junction with the Hamiltonian H = HeffQD(t) +Hlead +HI where
HeffQD(t) =
∑
s=↓,↑
ωc†scs + Uc
†
↑c↑c
†
↓c↓ +
∑
`
(
g`e
2iV`tc↓c↑ + h.c.
)
,
Hlead =
∑
`=L,R
∑
k
[ ∑
s=↓,↑
(ωk + V`) b
†
`ksb`ks +
∑
k′
Ukk′b
†
`k↑b
†
`k↓b`−k′↑b`−k′↓
]
,
HI =
∑
`=L,R
κ`
∑
ks
(
b†`kscs + h.c.
)
.
(3)
In Eq. (3), HeffQD(t) is the effective time-dependent QD Hamiltonian which describes the intrinsic dynamics of the QD
and the contribution of the left and right large-gap superconducting leads. The time-dependent pairing terms can be
viewed as coming from an interaction Hamiltonian of the form
H
(p)
I =
∑
`
(
g`S
†
` c↓c↑ + h.c.
)
, (4)
where S` is the annihilation operator of a Cooper-pair of energy 2V` in the large-gap superconducting `, on which one
applies a semi-classical description by considering the fields S` in coherent states, making the replacement S` → e−2iV`t,
and rescaling g`. Note that we consider here g` arbitrary, since it can be tuned by adjusting the properties of the
large-gap superconducting leads and their coupling with the QD. The Hamiltonian Hlead describes the moderate-
gap superconducting leads where b`ks is the annihilation operator of an electron of spin s and energy ωk, V` the bias
voltage, and Ukk′ the interaction between electrons. Finally, the Hamiltonian HI describes electron tunnelling between
the QD and the leads with amplitudes κ`. Our four-terminal model allows us by essence to consider independent
electron and Cooper-pair tunnelling. We note however that independent tunnelling can also be the result of modelling
superconducting leads with two components, as done in [39].
We consider the system-bath (S-B) decomposition HS(t) ≡ HeffQD(t) and HB ≡ Hlead, assuming the electron tun-
nelling amplitude κ` to be the smallest frequency scale. In order to take into account the time-dependence of the
system Hamiltonian in the dissipative processes, we derive a Floquet-Born-Markov master equation, i.e., a Born-
Markov master equation based on the Floquet quasienergy spectrum of HS(t) [34–36]. This procedure (i.e. adding
6the time-dependent driving first and then calculating dissipation) is justified since the coupling with the large-gap
superconductors is larger than the ones with the moderate-gap leads. This allows the dissipation to be assisted by
Cooper-pair exchanges, yielding the subgap peak structures observed in the main text. The reverse procedure (i.e.
calculating dissipation first and then adding the time-dependent driving) is unable to describe the interplay between
the electrons and the Cooper-pairs, and is anyway not justified in our regime of parameters.
Interaction picture and Bogoliubov approximation
Our starting point is the usual Liouville-Von Neumann equation [31]
ρ˙Itot(t) = −i
[
HII (t), ρ
I
tot(t)
]
(5)
for the total density matrix ρItot(t) in interaction picture with respect to H0(t) = HS(t) +HB, where
HII (t) =
∑
`
κ`
∑
ks
(
bI†`ks(t)c
I
s(t) + h.c.
)
, (6)
with
cIs(t) = U(t)
†csU(t), (7)
bI`ks(t) = e
iHBtb`kse
−iHBt, (8)
where the propagator U(t) is defined as
U(t) = T e−i
∫ t
0
HeffQD(t
′)dt′ , (9)
with T the time-ordering operator.
In order to calculate bI`ks(t), we first evaluate the time-dependence due to the bias voltages
∑
` V`N` =∑
`ks V`b
†
`ksb`ks where N` is the total electron number operator in the lead `, which yields a factor e
−iV`t. This
can be done since
∑
` V`N` and HB −
∑
` V`N` commute. We then obtain the time-dependence provided by the
remaining Hamiltonian HB −
∑
` V`N` by performing the Bogoliubov mean-field approximation on HB −
∑
` V`N`.
For this purpose, we define the order parameter ∆`e
iφ` = −∑′k Ukk′〈b`−k′↓b`k′↑〉 where ∆` is the energy gap of the
lead ` and then diagonalize HB −
∑
` V`N` which yields
HB =
∑
`
∑
ks
(
ω˜`k b˜
†
`ksb˜`ks + V`b
†
`ksb`ks
)
, (10)
where b˜`,ks describes the annihilation of a Bogoliubov quasiparticle of spin s and energy ω˜`k =
√
ω2k + ∆
2
` obtained
from the Bogoliubov transformation
b`−k↓ = u`k b˜`k↓ + v`k b˜
†
`k↑,
b`k↑ = u`k b˜`k↑ − v`k b˜†`k↓,
(11)
where
u`k = e
−iφ`
√
1
2
(
1 +
ωk
ω˜`k
)
,
v`k =
√
1
2
(
1− ωk
ω˜`k
)
.
(12)
The time-dependence of the lead electron operators thus read
bI`k↓(t) =
(
u`k b˜`−k↓e−iω˜`kt + v`k b˜
†
`−k↑e
iω˜`kt
)
e−iV`t,
bI`k↑(t) =
(
u`k b˜`k↑e−iω˜`kt − v`k b˜†`k↓eiω˜`kt
)
e−iV`t.
(13)
7Born and Markov approximation
We consider the Born approximation, i.e., the total system-bath density matrix ρItot(t) in the separable form
ρItot(t) ≈ ρI(t)⊗ ρL ⊗ ρR (14)
where ρI is the QD density matrix in interaction picture and ρ` a stationary state of the lead `, taken here as the
thermal state
ρ` =
e−β`(HB−V`N`)
Tr
[
e−β`(HB−V`N`)
] (15)
so that the Fermi levels lie in the middle of the gaps of their respective leads, where β` = 1/kBT` with T` their
temperature. In doing so, we obtain the simple expressions
〈b˜†`ksb˜`k′s′〉B ≡ TrB
[
b˜†`ksb˜`k′s′ρ`
]
= δkk′δss′n`(ω˜`k),
〈b˜`ksb˜†`k′s′〉B ≡ TrB
[
b˜`ksb˜
†
`k′s′ρ`
]
= δkk′δss′(1− n`(ω˜`k)),
〈b˜`ksb˜`k′s′〉B ≡ TrB
[
b˜`ksb˜`k′s′ρ`
]
= 〈b˜†`ksb˜†`k′s′〉B ≡ TrB
[
b˜†`ksb˜
†
`k′s′ρ`
]
= 0,
(16)
where n`(ω˜`k) is the Fermi occupation number defined as n`(E) = 1/(1 + e
β`E).
Expanding Eq. (5) to the second order in HI, tracing over the bath degrees of freedom, we obtain
ρ˙I(t) = −iTrB
([
HII (t), ρtot(0)
])− ∫ t
0
dt′TrB
([
HII (t),
[
HII (t− t′), ρtot(t− t′)
]])
. (17)
Using the Born approximation (14), we first assume that the first term vanishes and then perform the Markov
approximation by setting ρI(t − τ) ≈ ρI(t) and extending the upper limit of integration to infinity. Expanding the
double commutator of Eq. (17), we obtain
ρ˙(t) = −
∑
`
∑
s,s′
∫ t
0
[
〈B†`s(t)B`s′(t− t′)〉Bcs(t)c†s′(t− t′)ρ(t) + 〈B`s(t)B†`s′(t− t′)〉Bc†s(t)cs′(t− t′)ρ(t)
− 〈B`s′(t− t′)B†`s(t)〉Bcs(t)ρ(t− t′)c†s′(t− t′)− 〈B†`s′(t− t′)B`s(t)〉Bc†s(t)ρ(t)cs′(t− t′)
− 〈B`s(t)B†`s′(t− t′)〉Bcs′(t− t′)ρ(t)c†s(t)− 〈B†`s(t)B`s′(t− t′)〉Bc†s′(t− t′)ρ(t)cs(t)
+ 〈B†`s′(t− t′)B`s(t)〉Bρ(t)cs′(t− t′)c†s(t) + 〈B`s′(t− t′)B†`s(t)〉Bρ(t)c†s′(t− t′)cs(t)
]
dt′
+
∑
`
∑
s,s′
∫ t
0
[
〈B†`s(t)B†`s′(t− t′)〉Bcs(t)cs′(t− t′)ρ(t) + 〈B`s(t)B`s′(t− t′)〉Bc†s(t)c†s′(t− t′)ρ(t)
− 〈B†`s′(t− t′)B†`s(t)〉Bcs(t)ρ(t)cs′(t− t′)− 〈B`s′(t− t′)B`s(t)〉Bc†s(t)ρ(t)c†s′(t− t′)
− 〈B†`s(t)B†`s′(t− t′)〉Bcs′(t− t′)ρ(t)cs(t)− 〈B`s(t)B`s′(t− t′)〉Bc†s′(t− t′)ρ(t)c†s(t)
+ 〈B†`s′(t− t′)B†`s(t)〉Bρ(t)cs′(t− t′)cs(t) + 〈B`s′(t− t′)B`s(t)〉Bρ(t)c†s′(t− t′)c†s(t)
]
dt′,
(18)
where we removed the superscript I to not burden the notation and where we define B`s(t) = κ`
∑
k b`ks(t).
8Bath correlation functions
The first summation of the right-hand-side of Eq. (18) contains non-vanishing terms only for s = s′. They involve
bath correlations (16) with coefficient |u`k|2 or |v`k|2. Explicitly, the first term for s = s′ =↓ involves the correlation
〈B†`↓(t)B`↓(t− t′)〉B = κ2`
∑
k
eiV`t
′ (|u`k|2eiω˜`kt′n(ω˜`k) + |v`k|2e−iω˜`kt′ [1− n(ω˜`k)])
=
γ`
pi
∫ ∞
−∞
dωeiV`t
′ (|u`(ω)|2eiω˜`t′n(ω˜`) + |v`(ω)|2e−iω˜`t′ [1− n(ω˜`)]))
=
γ`
pi
∫ ∞
0
dωeiV`t
′ (
eiω˜`t
′
n(ω˜`) + e
−iω˜`t′ [1− n(ω˜`)])
)
=
γ`
pi
∫ ∞
0
dω˜eiV`t
′
D`(ω˜)
(
eiω˜t
′
n(ω˜) + e−iω˜t
′
[1− n(ω˜)])
)
=
γ`
pi
∫ ∞
−∞
dω˜D`(ω˜)e
i(ω˜+V`)t
′
n(ω˜)
(19)
In Eq. (19), γ` = piκ
2
`ρN is the tunnelling rate between the QD and the lead `, where ρN = Vmk`F /2pi2~2 is the
density of states of a normal lead assumed to be constant around the Fermi level, where V is the volume of the lead
`, m the electron mass and k`F the Fermi wavenumber, as in [33]; and
D`(E) =
|E|√
E2 −∆2`
Θ(|E| −∆`) (20)
is the adimensional density of states of a superconducting lead, which naturally appears when making the substitution
ω → ω˜ = √ω2 + ∆2` in the integration. A quick look shows that the right-hand-side of Eq. (18) contains only the
following two distinct correlations functions
f`+(t
′) = 〈B†`s(t)B`s(t− t′)〉B =
γ`
pi
∫ ∞
−∞
dω˜D`(ω˜)e
i(ω˜+V`)t
′
n(ω˜),
f`−(t′) = 〈B`s(t)B†`s(t− t′)〉B =
γ`
pi
∫ ∞
−∞
dω˜D`(ω˜)e
−i(ω˜+V`)t′ [1− n(ω˜)],
(21)
All the other correlations functions are up to a minus sign these correlations functions or their complex conjugates.
The second summation of the right-hand-side of Eq. (18) contains non-vanishing terms only for s 6= s′. They also
involve bath correlations (16) but with coefficients uv or u∗`kv
∗
`k. There are only two distinct correlations functions
f`1(t
′) and f`2(t′) (all the others are up to a minus sign these correlations functions or their conjugates) which read
f`1(t− t′) = 〈B†`↓(t)B†`↑(t− t′)〉B =
2γ`
pi
e2iV`t
∫ ∞
0
dω˜ D`(ω˜)u
∗
` (ω˜)v
∗
` (ω˜)e
−iV`t′
(
−eiω˜t′n(ω˜) + e−iω˜t′ [1− n(ω˜)]
)
,
f`2(t− t′) = 〈B†`↑(t− t′)B†`↓(t)〉B =
2γ`
pi
e2iV`t
∫ ∞
0
dω˜ D`(ω˜)u
∗
` (ω˜)v
∗
` (ω˜)e
−iV`t′
(
e−iω˜t
′
n(ω˜)− eiω˜t′ [1− n(ω˜)]
)
.
(22)
Note that while the correlations (21) depend only on the time difference t′, Eq. (22) explicitly depend on time t.
Case g` = 0 - Standard Born-Markov master equation
Before deriving the general Floquet-Born-Markov equation for the QD, we first investigate the case of g` = 0 for
which the QD Hamiltonian is time-independent. This corresponds to the case of a standard two-terminal junction,
where the QD is only coupled to two superconducting leads. This yields a standard Born-Markov master equation,
similar to the one derived in [32, 33].
The QD Hamiltonian HQD =
∑
s=↓,↑ ωc
†
scs + Uc
†
↑c↑c
†
↓c↓ can be diagonalised in the basis {|0〉, | ↓〉, | ↑〉, | ↓↑〉} by
writing the operators cs in terms of the projection operators σij = |i〉〈j| (i, j = 0, ↓, ↑, ↓↑) satisfying σijσkl = δjkσil,
c↓ = |0〉〈↓ |+ | ↑〉〈↓↑ |,
c↑ = |0〉〈↑ | − | ↓〉〈↓↑ |,
(23)
9as in [30]. Note that we chose the convention | ↓↑〉 = c†↓c†↑|0〉 instead of | ↓↑〉 = c†↑c†↓|0〉 regarding the order of action of
creation operators to find their matrix representation (otherwise the sign in front of |s〉〈↓↑ | would be reversed). The
system operators in interaction picture with respect to H0 then simply reads
c↓(t) = |0〉〈↓ |e−iωt + | ↑〉〈↓↑ |e−i(U+ω)t,
c↑(t) = |0〉〈↑ |e−iωt − | ↓〉〈↓↑ |e−i(U+ω)t.
(24)
From Eq. (18), using Eq (24) and the expressions of the bath correlation functions (21) and (22), we obtain the
master equation in the standard form (coming back to the Schro¨dinger picture)
ρ˙ = −i
[
HQD +H
(s)
LS +H
(p)
LS (t), ρ
]
+D(s) (ρ) +D(p) (ρ, t) (25)
where
H
(s)
LS =
∑
`,s
(
Ω`+(−ω + V`)σ0sσ†0s + Ω`−(ω − V`)σ†0sσ0s + Ω`+(−U − ω + V`)σs↓↑σ†s↓↑ + Ω`−(U + ω − V`)σ†s↓↑σs↓↑
)
(26)
is the Lamb-shift Hamiltonian coming from standard single particle tunnelling processes, where
H
(p)
LS (t) = i
∑
`
(
−
[
Γ`1(U + ω − V`, t) + Γ`2(ω − V`, t)
]
σ0↓↑ +
[
Γ∗`1(U + ω − V`, t) + Γ∗`2(ω − V`, t)
]
σ↓↑0
)
(27)
is a time-dependent Lamb-shift Hamiltonian coming from Cooper-pair tunnelling processes, where
D(s) (ρ) = 2
∑
`,s
(
γ`−(ω − V`)
(
σ0sρσ
†
0s −
1
2
{
σ†0sσ0s, ρ
})
+ γ`−(U + ω − V`)
(
σs↓↑ρσ
†
s↓↑ −
1
2
{
σ†s↓↑σs↓↑, ρ
})
+γ`+(−ω + V`)
(
σ†0sρσ0s −
1
2
{
σ0sσ
†
0s, ρ
})
+ γ`+(−U − ω + V`)
(
σ†s↓↑ρσs↓↑ −
1
2
{
σs↓↑σ
†
s↓↑, ρ
}))
(28)
is a time-independent single-particle dissipator coming from standard single-particle tunnelling processes; and where
D(p) (ρ, t) =
∑
`,s
([
Γ`2(U + ω − V`, t)− Γ`1(ω − V`, t)
]
σ0sρσs↓↑ +
[
Γ∗`2(U + ω − V`, t)− Γ∗`1(ω − V`, t)
]
σ†s↓↑ρσ
†
0s
+
[
Γ∗`1(U + ω − V`, t)− Γ∗`2(ω − V`, t)
](
σ†0sρσ
†
s↓↑ −
1
2
{
σ†s↓↑σ
†
0s, ρ
})
+
[
Γ`1(U + ω − V`, t)− Γ`2(ω − V`, t)
](
σs↓↑ρσ0s − 1
2
{σ0sσs↓↑, ρ}
))
(29)
is a time-dependent Cooper-pair dissipator coming from Cooper-pair tunnelling processes. Note that the two first
terms on the right-hand side do not have the anticommutator since σs↓↑σ0s = 0 and σ
†
0sσ
†
s↓↑ = 0.
The master equation involves the complex rates
Γ`±(E ± V`) =
∫ ∞
0
dt′f`±(t′)eiEt
′
= γ`±(E ± V`) + iΩ`±(E ± V`),
Γ`j(E − V`, t) =
∫ ∞
0
dt′f`α(t− t′)eiEt′ = e2iV`t
[
γ`α(E − V`) + iΩ`α(E − V`)
]
,
(30)
where j = 1, 2, where E corresponds to system transition energies and where γ`± (γ`j) and Ω`± (Ω`j) are the real
and imaginary parts of Γ`± (Γ`je−2iV`t) which explicitly read
γ`±(E) = γ`D`(E)[1− n(E)],
γ`1(E) = −γ`2(−E) = 2γ`D`(E)u∗` (E)v∗` (E)[1− n(E)] [Θ(E)−Θ(−E)] ,
Ω`±(E) =
γ`
pi
P.V.
∫ ∞
−∞
dω˜D`(ω˜)
n(ω˜)
E + ω˜
,
Ω`1(E) = Ω`2(−E) = 2γ`
pi
P.V.
∫ ∞
0
dω˜D`(ω˜)u
∗
` (ω˜)v
∗
` (ω˜)
(
− n(ω˜)
E + ω˜
+
1− n(ω˜)
E − ω˜
)
,
(31)
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where P.V. denotes the principal value. Note that the integrands appearing in the expressions of the shifts Ω`α
(α = ±, 1, 2) do not converge for ω → ±∞, and one has to introduce a cutoff frequency ωc in the integration domain
to obtain finite values for the shifts. This cutoff represents the fact that the bandwidths of real leads are finite.
Writing down explicitly the master equation for the density matrix elements ρij = 〈i|ρ|j〉, one can see that the
populations ρ00, ρ↓↓, ρ↑↑, ρ↓↑↓↑ are only coupled to the coherences ρ0↓↑ and ρ↓↑0 through the Lamb-shift Hamiltonian
H
(p)
LS (t) and dissipator D(p) (ρ, t). This corresponds to a proximity effect which vanishes for ∆` = 0. Note that in [33],
these terms are not present due to the use of a number-conserving Bogoliubov transformation. In [32], they are
present (for U + 2ω = 0) but are time-independent, because the authors [32] included the bias voltage by making the
replacement ω → ω−V` in the end of the calculations, instead of including it directly in the lead Hamiltonian (3). We
note however that these terms have an important effect only in the very low bias regime V`  γ`. For V`  γ`, one
can invoke a secular approximation to neglect them. The master equation then becomes similar to the one derived
by Kosov et al [32]: no subgap current can be observed.
Large gap limit
In the large gap limit ∆`  |ω±V`|, |ω+U ±V`|, all the γ`α(E) (α = ±, 1, 2) vanish since all the transition energies
E lie inside the gap. Also, Ω`j(E) becomes independent of E, i.e. Ω`j(E) ≈ Ω˜`, with
Ω˜` = −γ`
pi
∆`e
iφ` P.V.
∫ ∞
0
dω˜
D(ω˜)
ω˜2
(
n(ω˜) + n(−ω˜)
)
(32)
As a consequence, we have
Γ∗`2(ω − V`, t)− Γ∗`1(U + ω − V`, t) = 0,
Γ`1(ω − V`, t)− Γ`2(U + ω − V`, t) = 0,
(33)
which implies that D(p) (ρ, t) = 0; and
H
(p)
LS (t) ≈
∑
`
(
g`c↓c↑e2iV`t + h.c.
)
(34)
where g` = −2Ω˜`. Overall, the master equation reduces to
ρ˙ = −i
[
HQD +H
(s)
LS +H
(p)
LS (t), ρ
]
. (35)
Hence, in the large gap limit, the coupling of the QD to the superconductors reduces to a driving of the transition
between the non-occupied and double-occupied states of the QD, as it can be derived using other methods (see [17]
and references therein). This justifies the use of an Hamiltonian of the form (34) in our model (3) to treat the coupling
of the large-gap superconducting leads to the QD.
Case g` 6= 0 - Floquet-Born-Markov master equation
We now come back to the general case of g` 6= 0 (the four-terminal junction), where the QD Hamiltonian is time-
dependent. In order to perform the time-integration in Eq. (18), we evaluate the time dependence of the system
operators cs(t) given by Eq. (7) using the Floquet theory [40]. For that purpose, we suppose in the following that
VL = −VR = V/2, so that the effective QD Hamiltonian is periodic of period T = 2pi/V . If it was not the case, one
could simply work in the rotating-frame with respect to one of the driving frequency 2V`, let say 2VL. This would
provide an periodic Hamiltonian of period δ = 2(VR − VL), and the same theory would apply.
Since the effective QD Hamiltonian is periodic, the QD wavefunction |ψ(t)〉 satisfying the Schro¨dinger equation
i
d
dt
|ψ(t)〉 = HeffQD(t)|ψ(t)〉 (36)
can be written as
|ψ(t)〉 =
∑
a
da|ψa(t)〉 =
∑
a
da e
−iEat|φa(t)〉, (37)
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where |ψa(t)〉 = e−iEat|φa(t)〉 are the Floquet states with the periodic Floquet modes |φa(t + T )〉 = |φa(t)〉, quasi-
energies Ea, and da = 〈φa(0)|ψ(0)〉. By definition of the propagator (9), we have
|ψa(T )〉 = U(T )|ψa(0)〉 ⇔ e−iEaT |φa(0)〉 = U(T )|φa(0)〉, (38)
showing that e−iEaT are the eigenvalues of U(T ), which can be numerically computed using U(T ) ≈∏N
n=0 e
−iHeffQD(ndt)dt with N = T/dt − 1. Solving the eigenvalue problem (38), we obtain Ea,k = Ea + k 2piT with
k ∈ Z, and consider the values of Ea,k lying in the first Brillouin zone [−pi/T, pi/T ] to define the quasienergies Ea.
The eigenvectors correspond to the Floquet modes at initial time |φa(0)〉. The Floquet modes at all times t are
obtained from these latters using
|φa(t)〉 = eiEatU(t)|φa(0)〉. (39)
Master equation in the Floquet basis
We now decompose the density matrix in the Floquet mode basis {|φa(0)〉}, i.e.
ρI(t) =
∑
a,b
ρI,ab(t)|φa(0)〉〈φb(0)|, (40)
where we restored for clarity the label I denoting the interaction picture for the density matrix. We derive below the
equations of motion for the density matrix element ρI,ab(t) ≡ 〈φa(0)|ρI(t)|φb(0)〉 from Eq. (18).
In this basis, the matrix elements of the system operator cs(t) reads
〈φa(0)|cs(t)|φb(0)〉 = 〈φa(t)|cs|φb(t)〉ei(Ea−Eb)t. (41)
Since |φa(t)〉 is periodic of period T , we can rewrite 〈φa(t)|cs|φb(t)〉 in the Fourier space as
〈φa(t)|cs|φb(t)〉 =
∑
k∈Z
eikV tcabks , (42)
which yields
〈φa(t)|cs|φb(t)〉ei(Ea−Eb)t =
∑
k∈Z
eik∆abktcabks , (43)
where ∆abk = Ea − Eb + kV and
cabks =
1
T
∫ T
0
e−ikV t〈φa(t)|cs|φb(t)〉dt. (44)
Using the Floquet basis, the first term of the right-hand side of the master equation (18) reads
〈φa(0)|
(∫ ∞
0
dt′f`+(t′)cs(t)c†s(t− t′)ρ(t)
)
|φb(0)〉 =
∑
c,d
∑
k,k′
ei(∆ack+∆cdk′ )tcacks c
†cdk′
s ρ
I,db(t)
∫ ∞
0
dt′f`+(t′)e−i∆cdk′ t
′
,
(45)
and all other terms can be written in the same way. Hence, we see that the master equation involves the complex
rates (30). All together, the master equation (18) written in the Floquet basis gives us the following set of equations
for the matrix elements ρI,ab(t) ≡ 〈φa(0)|ρI(t)|φb(0)〉, i.e. the non-secular Floquet-Born-Markov master equation
ρ˙I,ab(t) =
∑
`
(L(s)` [ρI(t)])ab +
∑
`
(L(p)` [ρI(t)])ab (46)
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where
(L(s)` [ρI(t)])ab = −
∑
s
∑
k,k′
∑
c,d
[
ei(∆cdk′+∆ack)t
(
cacks c
†cdk′
s Γ`+(−∆cdk′ + V`) + c†acks ccdk
′
s Γ`−(−∆cdk′ − V`)
)
ρI,db(t)
− ei(∆dbk′+∆ack)t
(
cacks c
†dbk′
s Γ
∗
`−(∆dbk′ − V`) + c†acks cdbk
′
s Γ
∗
`+(∆dbk′ + V`)
)
ρI,cd(t)
− ei(∆dbk′+∆ack)t
(
cacks c
†dbk′
s Γ`−(−∆ack − V`) + c†acks cdbk
′
s Γ`+(−∆ack + V`)
)
ρI,cd(t)
+ ei(∆dbk′+∆cdk)t
(
ccdks c
†dbk′
s Γ
∗
`+(∆cdk + V`) + c
†cdk
s c
dbk′
s Γ
∗
`−(∆cdk − V`)
)
ρI,ac(t)
]
(47)
is the Linbladian coming from standard single-particle tunnelling processes, and where
(L(p)` [ρI(t)])ab =
∑
c,d
∑
k,k′
[
2ei(∆cdk′+∆ack)t
(
cack↓ c
cdk′
↑ Γ`1(−∆cdk′ − V`, t) + c†ack↓ c†cdk
′
↑ Γ
∗
`2(∆cdk′ − V`, t)
)
ρI,db(t)
+ ei(∆dbk′+∆ack)t
(
cack↑ c
dbk′
↓ Γ`2(−∆dbk′ − V`, t)− cack↓ cdbk
′
↑ Γ`2(−∆dbk′ − V`, t)
)
ρI,cd(t)
+ ei(∆dbk′+∆ack)t
(
c†ack↑ c
†dbk′
↓ Γ
∗
`1(∆dbk′ − V`, t)− c†ack↓ c†dbk
′
↑ Γ
∗
`1(∆dbk′ − V`, t)
)
ρI,cd(t)
− ei(∆dbk′+∆ack)t
(
cack↑ c
dbk′
↓ Γ`1(−∆ack − V`, t)− cack↓ cdbk
′
↑ Γ`1(−∆ack − V`, t)
)
ρI,cd(t)
− ei(∆dbk′+∆ack)t
(
c†ack↑ c
†dbk′
↓ Γ
∗
`2(∆ack − V`, t)− c†ack↓ c†dbk
′
↑ Γ
∗
`2(∆ack − V`, t)
)
ρI,cd(t)
+ 2ei(∆cdk+∆dbk′ )t
(
ccdk↑ c
dbk′
↓ Γ`2(−∆cdk − V`, t) + c†cdk↑ c†dbk
′
↓ Γ
∗
`1(∆cdk − V`, t)
)
ρI,ac(t)
]
(48)
is the Linbladian coming from Cooper-pair tunnelling processes.
The master equation for the matrix elements in Schro¨dinger picture ρab(t) can be obtained from Eq. (46) by making
the replacement ρI,ab(t) = ei(Ea−Eb)tρab(t). In doing so, one can see that all terms ei(∆cdk′+∆ack)t reduces to ei(k+k
′)V t,
showing that the master equation exhibits the same periodicity than the effective QD Hamiltonian. This implies that
the steady state of the master equation is also periodic with the same period T = 2pi/V [41].
SOLUTION OF THE MASTER EQUATION AND PARTICLE CURRENTS
The master equation (46) can be solved using different methods: either via brute force methods without any
further treatment or by first writing Eq. (46) in Schro¨dinger picture and then exploiting its periodicity. One can
indeed vectorize the density matrix as |ρS(t)〉 = (ρS,11(t), ρS,12(t), . . . , ρS,44(t)) to obtain the equation of motion
|ρ˙S(t)〉 = L(t)|ρS(t)〉 (49)
where L(t) is a periodic time-dependent matrix of period T , and then apply again the Floquet theory on Eq. (49) [41].
Another solution consists in targeting directly the periodic steady state of Eq. (49) by writing it in Fourier space and
solving the linear set of equations for its Fourier components [42]. In the main text, we solved the master equation (46)
via brute force, but compared the solutions with these other methods and obtained the same results.
From the solution of the master equation (46) for the matrix elements ρI,ab(t), one can rebuild the whole density
matrix (40) and the expectation values of any system operator O through
〈O〉 = Tr [U†(t)OU(t)ρI(t)] = ∑
j=0,↓,↑,↓↑
∑
ab
ρI,ab(t)e−i(Ea−Eb)t〈j|O|φa(t)〉〈φb(t)|j〉. (50)
We derive now the expressions of the particle currents IQD, I
(s)
` and I
(p)
` respectively in the QD, the moderate-gap
and the large-gap superconducting leads `. The choice of the symbols (s) and (p) expresses the fact that the current
in the moderate-gap superconducting leads is mainly due to single-particle (s) tunnelling, while the current in the
13
large-gap superconducting leads is only due to pair (p) tunnelling. They are defined as
IQD =
d
dt
(∑
s
c†scs
)
= −iκ`
∑
ks
(
c†sb`ks − h.c.
)− 2i∑
`
(
g∗` e
−2iµF tc†↑c
†
↓ − h.c.
)
,
I
(s)
` =
d
dt
(∑
ks
b†`ksb`ks
)
= iκ`
∑
ks
(
c†sb`ks − h.c.
)
, (51)
I
(p)
` =
d
dt
(
S†`S`
)
= i
(
g∗` e
−2iV`tc†↑c
†
↓ − h.c.
)
, (52)
(53)
where S` are the Cooper-pair annihilation operators introduced in Eq. (4) and where we used the Langevin equations
for cs, b`ks and S`, i.e.
c˙s = i [HQD, cs]− i
∑
`
κ`
∑
k
b`ks + i
∑
`
g∗`S`
(
c†↑
{
c†↓, cs
}
−
{
c†↑, cs
}
c†↓
)
b˙`ks = i [Hlead, b`ks]− iκ`cs,
S˙` = −2iV`S` − ig`c↓c↑.
(54)
Note that the total number of particles is conserved, i.e.,
IQD +
∑
`
I
(s)
` + 2
∑
`
I
(p)
` = 0, (55)
where the factor 2 is front of I
(p)
` denotes the fact that a Cooper-pair is made of two electrons.
The expectation value of the particles current in the QD is obtained from the solutions of the master equation and
Eq. (50), that is
〈IQD〉 =
∑
s
d
dt
〈c†scs〉 =
∑
s
d
dt
Tr
[
U†(t)c†scsU(t)ρ
I(t)
]
. (56)
Due to the conservation of particles (55), it can be related to the particles current in the leads, as shown below.
Applying the derivative and using the fact that dU(t)/dt = −iHeffQD(t)U(t), we get
〈IQD〉 = i
∑
s
Tr
[
U†(t)HeffQD(t)c
†
scsU(t)ρ
I(t)
]− i∑
s
Tr
[
U†(t)c†scsH
eff
QD(t)U(t)ρ
I(t)
]
+
∑
s
Tr
[
U†(t)c†scsU(t)
dρI(t)
dt
]
.
(57)
The two first terms on the right-hand-side can be rewritten as
i
∑
s
〈HeffQD(t)c†scs〉 − i
∑
s
〈c†scsHeffQD(t)〉 = 2i
∑
`
g`e
2iV`t〈c↓c↑〉 − 2i
∑
`
g∗` e
−2iV`t〈c†↑c†↓〉 = −2
∑
`
〈I(p)` 〉 (58)
where [see Eq. (52)]
〈I(p)` 〉 = i
(
g∗` e
−2iV`t〈c†↑c†↓〉 − h.c.
)
. (59)
Finally, replacing the derivative in Eq. (57) by the right-hand-side of the master equation (46) yields
〈IQD〉 = −2
∑
`
〈I(p)` 〉+
∑
`s
Tr
[
U†(t)c†scsU(t) (L` [ρ(t)])
]
= −2
∑
`
〈I(p)` 〉 −
∑
`
〈I(s)` 〉, (60)
with
〈I(s)` 〉 = −
∑
ab
(L` [ρI(t)])ab e−i(Ea−Eb)t(∑
j
∑
s
〈j|c†scs|φa(t)〉〈φb(t)|j〉
)
. (61)
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ADDING DISSIPATION ACTING ON THE CHANNEL
Additional Lindblad dissipation acting on the QD can be accounted for by adding to Eq. (46) a dissipator of the
form
DI [ρ(t)] = γI
(
2Lρ(t)L† − L†Lρ(t)− ρ(t)L†L
)
. (62)
In the Floquet basis and in interaction picture with respect to HeffQD(t), this dissipator reads
(DI [ρI(t)])ab = γI
∑
cd
∑
kk′
[
2
(
ei(∆dbk′+∆ack)tLackL†dbk
′)
ρI,cd(t)
−
(
ei(∆cdk′+∆ack)tL†ackLcdk
′)
ρI,db(t)−
(
ei(∆dbk′+∆cdk)tL†cdkLdbk
′)
ρI,ac(t)
]
.
(63)
By contrast with (46), there is no spectral dependence of the decay rates, as expected from Lindblad dissipation. By
solving the master equation (46) after adding on its right-hand-side the dissipator (63), we can then calculate the
associated particle current
〈II(t)〉 = −
∑
a,b
(DI [ρI(t)])ab e−i(Ea−Eb)t(∑
j
∑
s
〈j|c†scs|φa(t)〉〈φb(t)|j〉
)
. (64)
NUMERICAL DETAILS
Here we discuss some numerical details about the resolution of the master equation (46).
First, in order to write the master equation, we computed the quasienergies from Eq. (38) using the procedure
stated above with N = 10000, a number of time steps which insures precise enough values for the quasinergies. To
avoid the divergence of the superconducting density of states (20), we modify their expression as
D`(E) =
|E|√
E2 −∆2`
Θ(|E| −∆`) −→ |E|√
E2 −∆2` + 2
Θ(|E| −∆`) (65)
with a small parameter  = 10−1. This procedure introduces finite values for the peaks of the DOS, and thus for
the real part of the complex rates (31). Their imaginary parts require another treatment to become finite. Here, we
transform the denominators appearing in the integrations as
Ω`±(E)→ γ`
pi
P.V.
∫ Ωf
−Ωf
dω˜D`(ω˜)Re
[
n(ω˜)
E + ω˜ + i
]
,
Ω`1(E)→ 2γ`
pi
P.V.
∫ Ωf
0
dω˜D`(ω˜)u
∗
` (ω˜)v
∗
` (ω˜)Re
(
− n(ω˜)
E + ω˜ + i
+
1− n(ω˜)
E − ω˜ + i
) (66)
and introduce a cutoff Ωf = 100 to the integration domain.
We solved the master equation using brute force resolution of the differential equations (46), with random or
particular initial states, from a initial time ti = 0 to a final time tf = 10γ
−1, where γ ≡ γ` = 10−2, in order to reach
the steady state. We then averaged the particle currents over one period T .
QD ENERGY DEPENDENCE OF THE SUBGAP CURRENTS
In this section, we show how the positions of the MAR peaks depend on the QD energy ω, which can be tuned
experimentally by applying a gate voltage on the QD. Figure 5 shows the conductance dI/dV as a function of both
the bias voltage V and the QD energy ω, for vanishing or not Cooper-pair tunnelling amplitude g ≡ g`. For g = 0,
the conductance exhibit the standard diamond structure and vanish in the subgap region. For g 6= 0, subgap peaks
appear and their positions depend on both the bias voltage and QD energy ω. Hence, the subgap peaks do not just
occur at rational fractions of the gap energy ∆: they also depend on the properties of the QD.
[1] M. Mu¨ller, S. Diehl, G. Pupillo, and P. Zoller, Engineered
Open Systems and Quantum Simulations with Atoms and
Ions, Adv. At. Mol. Opt. Phys. 61, 1 (2012).
15
- 40
- 20
0
20
40
60
- 5
- 4
- 3
- 2
- 1
0
FIG. 5. Conductance dI/dV corresponding to the particle current I (in units of γ) in the right moderate-gap lead as a function
of the bias voltage V and QD energy ω, for g = g` = 0 (left) and 0.8 (right). Other parameters are U = 2, γ = 10
−2 and
T` = 0, in units chosen so that ∆` ≡ ∆ = 1. MAR peaks appear for non-vanishing g, and their positions depend on both the
source-drain voltage and QD energy ω. The dashed blue line corresponds to the value of ω considered in the main text.
[2] A. J. Daley, Quantum trajectories and open many-body
quantum systems, Adv. Phys. 63 77 (2014).
[3] H. M. Wiseman and G. J. Milburn, Quantum Measure-
ment and Control (Cambridge University Press, 2009).
[4] C. Gardiner, P. Zoller, The Quantum World of Ultra-
Cold Atoms and Light Book II: The Physics of Quantum-
Optical Devices, 1st ed. (Imperial College Press, London,
2015).
[5] H. J. Metcalf and P. var der Straten, Laser Cooling and
Trapping, (Springer, Berlin, 2001).
[6] I. Bloch, J. Dalibard, and W. Zwerger, Many-body physics
with ultracold gases, Rev. Mod. Phys. 80, 885 (2008).
[7] I. Bloch, J. Dalibard and S. Nascimbe`ne, Quantum sim-
ulations with ultracold quantum gases, Nat. Phys. 8, 264
(2012).
[8] C. W. J. Beenakker and H. Van Houten, Quantum Trans-
port in Semiconductor Nanostructures, Solid State Phys.
44, 1 (1991).
[9] S. Krinner, D. Stadler, D. Husmann, J.-P. Brantut, and
Tilman Esslinger, Observation of quantized conductance
in neutral matter, Nature 517, 64 (2015).
[10] S. Krinner, T. Esslinger, J.-P. Brantut, Two-terminal
transport measurements with cold atoms, J. Phys. Con-
dens. Matter 29, 343003 (2017).
[11] D. Husmann, S. Uchino, S. Krinner, M. Lebrat, T. Gia-
marchi, T. Esslinger, J.-P. Brantut, Connecting strongly
correlated superfluids by a quantum point contact, Science
350 1498 (2015).
[12] M. Lebrat, P. Griˇsins, D. Husmann, S. Ha¨usler, L. Cor-
man, T. Giamarchi, J.-P. Brantut, and Tilman Esslinger,
Band and Correlated Insulators of Cold Fermions in a
Mesoscopic Lattice, Phys. Rev. X 8, 011053 (2018).
[13] L. Jiang, T. Kitagawa, J. Alicea, A. R. Akhmerov, D.
Pekker, G. Refael, J. I. Cirac, E. Demler, M. D. Lukin,
and P. Zoller, Majorana fermions in equilibrium and in
driven cold-atom quantum wires, Phys. Rev. Lett. 106,
220402 (2011).
[14] S. De Franceschi, l. Kouwenhoven, C. Scho¨nenberger and
W. Wernsdorfer, hybrid superconductor–quantum dot de-
vices, Nat. Nano. 5, 703 (2010).
[15] A. Andreev, Sov. Phys. JETP 19, 1228 (1964).
[16] C. Beenakker, Rev. Modern Phys. 69, 731 (1997).
[17] A. Martin-Rodero and A. Levy Yeyati, Josephson and
Andreev transport through quantum dots, Advances in
Physics 60, 899 (2011).
[18] M. Octavio, M. Tinkham, G. E. Blonder, and T. M. Klap-
wijk, Subharmonic energy-gap structure in superconduct-
ing constriction, Phys. Rev. B 27, 6739 (1983).
[19] J-D. Pillet, C. H. L. Quay, P. Morfin, C. Bena, A.
Levy Yeyati and P. Joyez, Andreev bound states in
supercurrent-carrying carbon nanotubes revealed, Nat.
Phys. 6, 965 (2010).
[20] M. R. Buitelaar, W. Belzig, T. Nussbaumer, B. Babic, C.
Bruder, and C. Scho¨nenberger, Multiple Andreev Reflec-
tions in a Carbon Nanotube Quantum Dot, Phys. Rev.
Lett. 91, 057005 (2003).
[21] T. Dirks, T. L. Hughes, S. Lal, B. Uchoa, Y.-F. Chen,
C. Chialvo, P. M. Goldbart, and N. Mason, Transport
through Andreev bound states in a graphene quantum dot,
Nat. Phys. 7, 386 (2011).
[22] P. San-Jose, J. Cayao, E. Prada, and R. Aguado, Multi-
ple Andreev reflection and critical current in topological
superconducting nanowire junctions, New J. Phys. 15,
075019 (2013)
[23] A. L. Yeyati, J. C. Cuevas, A. Lo´pez-Da´valos, and A.
Martin-Rodero, Phys. Rev. B 55, 6137 (1997).
[24] A. Zazunov, R. Egger, C. Mora, and T. Martin, Phys.
Rev. B 73, 214501 (2006).
[25] L. Dell’ Anna, A. Zazunov, R. Egger, Phys. Rev. B 77,
104525 (2008).
[26] K. Kang, Phys. Rev. B 57, 11891 (1998).
[27] C. S. Search, S. Po¨tting, W. Zhang, and P. Meystre,
Input-output theory for fermions in an atom cavity, Phys.
Rev. A 66, 043616 (2002).
[28] C. W. Gardiner, Input and output in damped quantum
systems III: formulation of damped systems driven by
fermions fields, Opt. Commun. 243, 57 (2004).
[29] C. W. Gardiner and P. Zoller, Quantum Noise, 3rd ed.
(Springer, Berlin, 2004).
[30] N. Zhao, J.-L. Zhu, R.-B. Liu, and C. P. Sun, Quantum
16
noise theory for quantum transport through nanostruc-
tures, New J. Phys. 13, 013005 (2011).
[31] H.-P. Breuer and F. Petruccione, The Theory of Open
Quantum Systems (Oxford University Press, Oxford,
2006).
[32] D. S. Kosov, T. Prosen, and B. Zˇunkovicˇ, A Markovian
kinetic equation approach to electron transport through a
quantum dot coupled to superconducting leads, J. Phys. :
Condens. Matter 25, 075702 (2013).
[33] S. Pfaller, A. Donarini, and M. Grifoni, Subgap features
due to quasiparticle tunneling in quantum dots coupled to
superconducting leads, Phys. Rev. B 87, 155439 (2013).
[34] Y. Yan Z. Lu¨ H. Zheng, Resonance fluorescence of
strongly driven two-level system coupled to multiple dis-
sipative reservoirs, Annals of Physics 371, 159 (2016).
[35] S. Kohler, T. Dittrich and P. Ha¨nggi, Floquet-Markovian
description of the parametrically driven, dissipative har-
monic quantum oscillator, Phys. Rev. E 55, 300 (1996).
[36] R. Graham and R. Hu¨bner, Generalized Quasi-Energies
and Floquet states for a dissipative systems, Ann. Phys.
234, 300 (1994).
[37] R. Blattmann, P. Ha¨nggi, and S. Kohler, Qubit interfer-
ence at avoided crossings: The role of driving shape and
bath coupling, Phys. Rev. A 91, 042109 (2015).
[38] See Supplemental Material [url] including references [17,
30–36, 39–42] for the derivation of the master equation
and various technical details.
[39] Z. Su, A. B. Tacla, M. Hocevar, D. Car, S. R. Plissard,
E. P.A.M. Bakkers, A. J. Daley, D. Pekker, and S. M.
Frolov, Andreev Molecules in Semiconductor Nanowire
Double Quantum Dots, Nat. Commun. 8, 585 (2017).
[40] M. Grifoni and P. Ha¨nggi, Driven quantum tunneling,
Phys. Rep. 304, 229 (1998).
[41] V. I. Yudin, A. V. Taichenachev, and M. Y Basalaev,
Dynamic steady state of periodically driven quantum sys-
tems, Phys. Rev. A 93, 013820 (2016).
[42] D. Malz and A. Nunnenkamp, Floquet approach to bichro-
matically driven cavity optomechanical systems, Phys.
Rev. A 94, 023803 (2016).
[43] R. Delagrange, R. Weil, A. Kasumov, M. Ferrier, H.
Bouchiat, and R. Deblock, 0−pi Quantum transition in a
carbon nanotube Josephson junction: Universal phase de-
pendence and orbital degeneracy, Physica B: Condensed
Matter, 536, 211 (2018).
[44] T. Gericke, P. Wurtz, D. Reitz, T. Langen, and H. Ott,
High-resolution scanning electron microscopy of an ultra-
cold quantum gas, Nat. Phys. 4, 949 (2008).
[45] C. Weitenberg, M. Endres, J.F. Sherson, M. Cheneau, P.
Schausz, T. Fukuhara, I. Bloch, and S. Kuhr, Single-spin
addressing in an atomic Mott insulator, Nature 471, 319
(2011).
[46] W.S. Bakr, J.I. Gillen, A. Peng, S. Folling, and M.
Greiner, A quantum gas microscope for detecting single
atoms in a Hubbard-regime optical lattice, Nature 462,
74 (2009).
[47] J.F. Sherson, C. Weitenberg, M. Endres, M. Cheneau,
I. Bloch, and S. Kuhr, Single-atom-resolved fluorescence
imaging of an atomic Mott insulator, Nature 467, 68
(2010).
[48] H. P. Lu¨schen, P. Bordia, S. S. Hodgman, M. Schreiber,
S. Sarkar, A. J. Daley, M. H. Fischer, E. Altman, I. Bloch,
and U. Schneider, Signatures of Many-Body Localization
in a Controlled Open Quantum System, Phys. Rev. X 7,
011034 (2017).
[49] S. Sarkar, S. Langer, J. Schachenmayer, and A. J. Da-
ley, Light scattering and dissipative dynamics of many
fermionic atoms in an optical lattice, Phys. Rev. A 90,
023618 (2014).
[50] H. Pichler, A. J. Daley, and P. Zoller, Nonequilibrium dy-
namics of bosonic atoms in optical lattices: Decoherence
of many-body states due to spontaneous emission, Phys.
Rev. A 82, 063605 (2010).
[51] E. P. L. van Nieuwenburg, J. Y. Malo, A. J. Daley, M. H.
Fischer, Dynamics of many-body localization in the pres-
ence of particle loss, Quantum Science and Technology
3, 01LT02 (2017).
[52] Z. Lenarcic and T. Prosen, Exact asymptotics of the cur-
rent in boundary-driven dissipative quantum chains in
large external fields, Phys. Rev. E 91, 030103(R) (2015).
[53] G. T. Landi, E. Novais, M. J. de Oliveira, and D.
Karevski, Flux rectification in the quantum XXZ chain,
Phys. Rev. E 90, 042142 (2014).
[54] L. Schuab, E. Pereira, and G. T. Landi, Energy rectifica-
tion in quantum graded spin chains: Analysis of the XXZ
model, Phys. Rev. E 94, 042122 (2016).
[55] E. Pereira, Rectification and one-way street for the en-
ergy current in boundary-driven asymmetric quantum
spin chains, Phys. Rev. E 95, 030104(R) (2017).
[56] E. Pereira, Requisite ingredients for thermal rectification,
Phys. Rev. E 96, 012114 (2017).
[57] V. Balachandran, G. Benenti, E. Pereira, G. Casati, D.
Poletti, Perfect diode in quantum spin chains, Phys. Rev.
Lett. 120, 200603 (2018).
[58] E. Pereira, Heat, work, and energy currents in the
boundary-driven XXZ spin chain, Phys. Rev. E 97,
022115 (2018).
[59] T. Werlang, M. A. Marchiori, M. F. Cornelio, D. Valente,
Optimal rectification in the ultrastrong coupling regime,
Phys. Rev. E 89, 062109 (2014).
[60] E. Mascarenhas, F. Damanet, S. Flannigan, L. Taglia-
cozzo, A. J. Daley, J. Goold, and Ine´s de Vega, Non-
reciprocal quantum transport at junctions of structured
leads, Phys. Rev. B. 99, 245134 (2019).
[61] D. Malz and A. Nunnenkamp, Current rectification in
a double quantum dot through fermionic reservoir engi-
neering, Phys. Rev. B 97, 165308 (2018).
[62] K. Ono, D. G. Austing, Y. Tokura, and S. Tarucha, Cur-
rent Rectification by Pauli Exclusion in a Weakly Coupled
Double Quantum Dot System, Science 297, 1313 (2002).
[63] A. C. Johnson, J. R. Petta, C. M. Marcus, M. P. Han-
son, and A. C. Gossard, Singlet-triplet spin blockade and
charge sensing in a few-electron double quantum dot,
Phys. Rev. B 72, 165308 (2005).
[64] G. Tang, L. Zhang, and J. Wang, Thermal rectification
in a double quantum dots system with a polaron effect,
Phys. Rev. B 97, 224311 (2018).
[65] R. Scheibner, M. Ko¨nig, D. Reuter, A. D. Wieck, C.
Gould, H. Buhmannn, and L. W. Molenkamp Quantum
dot as thermal rectifier, New J. Phys. 10, 083016 (2008).
[66] A. Eichler, M. Weiss, S. Oberholzer, C. Scho¨nenberger,
A. Levy Yeyati, J. C. Cuevas, and A. Martı´ın-Rodero,
Even-Odd Effect in Andreev Transport through a Car-
bon Nanotube Quantum Dot, Phys. Rev. Lett. 99, 126602
(2007).
[67] S. Uchino, M. Ueda, J-P. Brantut, Universal Noise
in Continuous Transport Measurements of Interacting
Fermions, Phys. Rev. A 98, 063619 (2018).
[68] M. Benito and G. Platero, Floquet majorana fermions in
17
superconducting quantum dots, Physica E 74, 608 (2015).
[69] Y. Li, A. Kundu, F. Zhong, and B. Seradjeh, Tunable
Floquet Majorana fermions in driven coupled quantum
dots, Phys. Rev. B 90, 121401 (2014).
[70] R. Sa´nchez, B. Sothmann, A. N. Jordan, and M.
Bu¨ttiker, Correlations of heat and charge currents in
quantum-dot thermoelectric engines, New J. Phys. 15,
125001 (2013).
[71] J. P. Pekola, Towards quantum thermodynamics in elec-
tronic circuits, Nat. Physics 11, 118 (2015).
